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It is performed a detailed dynamical analysis for a bulk viscosity model in the full Israel-Stewart
formalism for a spatially flat Friedmann-Robertson-Walker Universe. In our study we have consid-
ered the total cosmic fluid constituted by radiation, dark matter and dark energy. The dark matter
fluid is treated as an imperfect fluid which has a bulk viscosity that depends on its energy density
in the usual form ξ(ρm) = ξ0ρ
1/2
m , whereas the other components are assumed to behave as perfect
fluids with constant EoS parameter. We show that the thermal history of the Universe is reproduced
provided that the viscous coefficient satisfies the condition ξ0  1, either for a zero or a suitable
nonzero coupling between dark energy and viscous dark matter. In this case, the final attractor is
a dark-energy-dominated, accelerating Universe, with effective EoS parameter in the quintessence-
like, cosmological constant-like or phantom-like regime, in agreement with observations. As our
main result, we show that in order to obtain a viable cosmological evolution and at the same time
alleviating the cosmological coincidence problem via the mechanism of scaling solution, an explicit
interaction between dark energy and viscous dark matter seems inevitable. This result is consistent
with the well-known fact that models where dark matter and dark energy interact with each other
have been proposed to solve the coincidence problem. Furthermore, by insisting in above, we show
that in the present context a phantom nature of this interacting dark energy fluid is also favored.
PACS numbers: 04.50.Kd, 98.80.-k, 95.36.+x
I. INTRODUCTION
Dark energy and dark matter are the most important
energy components which dominate the current dynam-
ics of the Universe. The dark energy component can be
described as a cosmic fluid characterized by a negative
pressure which is responsible for the current cosmic accel-
eration and it constitutes the 70% of the total energy of
the present Universe [1–3]. On the other hand, the dark
matter component is a pressureless matter fluid which
interacts only gravitationally [4]. Its energy fraction is
about 25%, and ordinary (baryonic) matter and radia-
tion is only about 5%. Unlike dark energy, dark matter
can cluster by gravitational instability and it has played
a crucial role for the growth of large-scale structure such
as galaxies and clusters of galaxies [5].
A description based in fluids is thus a natural setting
in studying the dynamics of the various energy compo-
nents of the Universe [5, 6]. In the simplest picture, these
energy components are assumed to be barotropic perfect
fluids which are completely characterized by the energy
density ρ, pressure density p and equation of state (EoS)
parameter w = p/ρ, with w equal to a constant. For in-
stance, in the case of radiation the EoS parameter takes
the value wr = 1/3, whereas for dark matter and baryons
the EoS parameter is wm = 0, which is adequate for
nonrelativistic matter. Also, since there is no sufficient
evidence for or against an evolving dark energy compo-
nent [6, 7], we can assume a dark energy model with
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constant EoS parameter, which satisfies the constraint
wDE < 0, including the case of a cosmological constant
with wDE = −1 [5].
Nevertheless, from the viewpoint of this fluid descrip-
tion, and the current cosmological observational data,
there is no reason for excluding a more real setting where
these cosmic fluids are imperfect fluids due to a bulk
viscosity in them [8–10]. For instance, in an expand-
ing Friedmann-Robertson-Walker (FRW) Universe, with
H = a˙/a the Hubble expansion rate, the usual energy
conservation equation for a barotropic perfect fluid is
given by ρ˙+ 3Hγρ = 0, where we have defined the useful
parameter γ ≡ 1 +w. Now, if dissipative processes occur
due to a bulk viscosity in the fluid, its energy conserva-
tion equation is modified in the following form
ρ˙+ 3H [γρ+ Π] = 0, (1)
where the additional term Π entering in the brackets rep-
resents the viscous pressure of the fluid. In this more real
setting the nature of Π is determined by the approach or
formalism adopted in the description of the viscous fluid.
In general there are two classes of formalisms that are
used in the description of viscous fluids in Cosmology.
One of them is the noncausal Eckart formalism [11] where
the usual choice for the viscous pressure is Π = −3ξ(ρ)H,
and ξ(ρ) is the bulk viscosity coefficient which is a func-
tion of the energy density ρ. This formalism has been ap-
plied by many authors in the study of viscous cosmologies
in a flat FRW Universe, in both the background [12–15],
as well as in the perturbation level [16–19]. The other one
is the causal Israel-Stewart (IS) formalism [20] in which
the viscous pressure Π satisfies the transport equation
τ Π˙ +
(
1 +
1
2
τ∆
)
Π = −3Hξ(ρ), (2)
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2where ∆ ≡ 3H − τ˙τ − ξ˙ξ − T˙T , with T being the barotropic
temperature of the fluid, and τ is the relaxation time,
which is of the order of the mean interaction time [21].
For very small values of the relaxation time τ , as occurs
for example in the early Universe where we have only
short distances, the two formalisms are indistinguishable
and thus the use of the noncausal Eckart formalism is
completely justified. However, at late times this non-
causal approach does not work, and it is then reasonable
to opt by the causal IS formalism [22, 23]. In order to cal-
culate T , the Gibbs integrability condition is used, and
for a barotropic fluid with constant EoS parameter, it
takes the form T ∼ ρ(γ−1)/γ [21]. On the other hand,
to calculate the relaxation time τ , the relation between
τ and the speed of bulk viscous perturbations cb is also
used. In the case of a barotropic fluid with constant EoS
parameter, it takes the form τ = 1(2−γ)γ
ξ(ρ)
ρ [22]. Finally,
both in the noncausal, as well as in the causal formal-
ism, the usual choice for the bulk viscosity function is a
power-law of the energy density, ξ(ρ) = ξ0ρ
s, where ξ0 is
a positive constant to be estimated from the comparison
with cosmological observations, and s is an exponential
parameter [13, 22].
In principle, any one of them, radiation, dark mat-
ter or dark energy, could be a viscous fluid, but since
dark matter can cluster whereas dark energy does not
cluster, and it has provided the most important contri-
bution to the formation of structures in the Universe, it
is then interesting to study the physical viability of a vis-
cous dark matter fluid in an expanding FRW Universe.
Furthermore, since does not exist any physical principle
that excludes a possible explicit coupling between dark
energy and dark matter, then we have the freedom in con-
sidering an even more general setting where this viscous
dark matter fluid is explicitly interacting with dark en-
ergy [12, 26–30]. In this way, in the present paper we use
the perspective of dynamical systems to investigate the
cosmological dynamics of a nonevolving dark energy fluid
which is explicitly interacting with a viscous dark matter
fluid in the framework of the causal IS formalism. In par-
ticular, here we deepen the study of “Scaling Solutions”.
The study of dynamical systems plays an important role
in Cosmology, since it allows to check the cosmological
viability of a model, in reproducing the thermal history
of the Universe and the current cosmic acceleration [31].
Furthermore, the mechanism of scaling solutions has a
very relevant place in this apparatus. These are attrac-
tors in which the dark energy density mimics the back-
ground matter energy density and thereby providing a
new line of attack on the fine-tuning problem, or cosmo-
logical coincidence problem of dark energy [32–36].
The organization of the paper is as follows: in Sec. II
we present the field equations for a flat FRW Universe
filled with radiation, viscous dark matter and dark en-
ergy, obeying a barotropic EoS parameter all them. In
this section we also introduce the phase space variables,
and then we rewrite the field equations in terms of them.
In Sec. II A we study the dynamics of this model in the
case of a zero coupling between dark energy and viscous
dark matter, whereas in Sec. II B it is studied the case of
a nonzero coupling. Finally, Sec. III is devoted to con-
clusions. Throughout the paper, we adopt natural units
and 8piG = 1.
II. COSMOLOGICAL DYNAMICS IN THE
ISRAEL-STEWART (IS) FORMALISM
In applying the causal IS formalism to a cosmic vis-
cous fluid in a realistic Universe, we consider that the
total cosmic fluid is constituted by radiation, dark mat-
ter and dark energy. Moreover, according to the stan-
dard cosmological model, the formation of structure of
the Universe (galaxies, clusters) had its most important
development during the epoch in that dark matter was
the dominant component [5]. It is then interesting to
investigate the physical viability and cosmological con-
sequences of any modification to the dark matter domi-
nated era. In the following we assume that the dark mat-
ter fluid is a viscous fluid which responds to the causal IS
formalism. So, the Friedmann constraints and the con-
servation equations for radiation, dark matter and dark
energy components, are written as
3H2 = ρr + ρm + ρDE , (3)
ρ˙r = −4Hρr, (4)
ρ˙m = −3Hρm − 3HΠ +Q, (5)
ρ˙DE = −3HγDEρDE −Q, (6)
where total energy density is ρT = ρr+ρm+ρDE with ρr,
ρm and ρDE the energy densities of radiation, dark mat-
ter and dark energy, respectively. The EoS parameter
for dark energy is expressed in terms of the barotropic
parameter γDE ≡ 1 + wDE < 1, whereas for radia-
tion and dark matter we have γr ≡ 1 + wr = 4/3 and
γm ≡ 1 + wm = 1, respectively. The dark matter fluid
is a viscous fluid with Π satisfying the transport equa-
tion (2) in the IS formalism, and Q represents a pos-
sible coupling between viscous dark matter and dark
energy. Considering a coupling between dark matter
and dark energy is reasonable since there is no phys-
ical principle that excludes an explicit interaction be-
tween them [6, 26]. The total energy density ρT satisfies
the conservation equation ρ˙T + 3HγeffρT = 0, where
γeff ≡ 1 + weff and the effective EoS parameter takes
the value weff = peff/ρT = (pT + Π)/ρT , such that
pT = pr + pm + pDE is the total pressure density from
the energy components. Thus, by taking in account the
negative pressure from the bulk viscosity, the accelerated
expansion occurs for weff < −1/3 or equivalently for
γeff < 2/3. As usual, we take the bulk viscous function
ξ(ρm) to be a power-law of the energy density of dark
matter, in the form ξ(ρm) = ξ0ρ
1/2
m , with ξ0 a positive
parameter. Here, we have assumed that the exponential
parameter s is equal to 1/2 because it is the simplest
3choice for which we can rewrite the cosmological equa-
tions in the form of an autonomous system [13].
To study the dynamics of the model, we introduce the
following set of dimensionless variables
x = ΩDE =
ρDE
3H2
, y = Ωm =
ρm
3H2
, z =
Π
3H2
. (7)
In terms of these variables we have that
weff = γeff − 1 =
(
γDE − 4
3
)
x+ z − y
3
+
1
3
. (8)
Also, we rewrite the set of cosmological equations (3),(4),
(5) and (6), along with the transport equation (2), in the
following form
dx
dN
= x (3xγDE − 3γDE + 3z − y − 4x+ 4)− Q
3H3
,
dy
dN
= 3xyγDE + (3y − 3) z − y2 + (1− 4x) y + Q
3H3
,
dz
dN
= 3z (xγDE + z)− z
(
3z
2y
+
√
3y
ξ0
)
+
(1− 4x) z − y (z + 3) + Q
6H3
z
y
, (9)
where we have introduced the e-folding number N =
log(a) which is convenient to use for the dynamics of
dark energy [6]. This set of three first-order differential
equations will be an autonomous system for the three in-
dependent variables x, y, and z, if the coupling Q can be
written in terms of them. In this case, the critical points
(xc, yc, zc) of the above dynamical system can be ex-
tracted by imposing the conditions dxdN =
dy
dN =
dz
dN = 0.
Finally, perturbing the system linearly around these crit-
ical points, and expressing the perturbations equations in
terms of a perturbation matrix, allows one to determine
the type and stability of each critical point by examin-
ing the eigenvalues of this matrix [6, 31]. In a scenario
cosmologically viable, the complete thermal history of
the Universe must be reproduced. In early times, after
end of inflation the Universe is dominated by radiation,
followed by a dark matter-dominated era around the red-
shift z = 3000, and finally it becomes dominated by dark
energy in late-times around the redshift z ∼ 1.
Several different forms of the coupling between dark
energy and dark matter have been proposed in the lit-
erature. One possibility usually studied in scalar field
models is to consider an interaction of the form Q ∼ ρmφ˙
with φ˙ the velocity of the homogeneous scalar field, see
Refs. [6, 26, 30]. A second approach more close to the
description of fluids consists in introducing an interaction
in the form Q ∼ Γρm or Q ∼ ΓρDE , with the normaliza-
tion of the factor Γ in terms of the Hubble parameter H,
i.e. Γ/H = α , where α is a dimensionless constant [5].
In this way, in the following we study the corresponding
dynamical system for two different cases of the coupling
Q. In the first case, we study the dynamical system cor-
responding to Q = 0. In the second case, we consider
the simplest nonzero coupling in the form Q = αHρDE ,
with α the coupling constant. We consider this coupling
since another coupling Q ∼ Hρm excludes the solution
yc = Ωm = 1 (dark matter-dominated era), as it can be
verified from Eqs. (9).
A. Coupling Q = 0
1. Critical Points and Stability
For the case Q = 0, the system of equations (9) takes
the following form
dx
dN
= x (3xγDE − 3γDE + 3z − y − 4x+ 4) ,
dy
dN
= 3xyγDE + 3 (y − 1) z − y2 + (1− 4x) y,
dz
dN
= 3z (xγDE + z)− z
(
3z
2y
+
√
3y
ξ0
)
+
(1− 4x) z − y (z + 3) . (10)
The autonomous system (10) admits five critical points
which are displayed in Table I, along with the conditions
of existence, acceleration and stability of them. The anal-
ysis of the matrix perturbations, and its eigenvalues for
each critical point, are found in Appendix A 1.
Point R1 exist for all values. This critical point is
a radiation-dominated solution with Ωr = 1, Ωm = 0,
ΩDE = 0 and γeff = γr = 4/3. By studying the eigen-
values of the matrix of perturbations one finds that it is
always a saddle point. Points R2± exist for all values and
both are dark matter-dominated solutions with Ωm = 1,
Ωr = 0, ΩDE = 0. However, due to the viscous pressure
of the dark matter fluid the effective EoS parameter is
given by
weff = γeff − 1 = 1±
√
6ξ0
2 + 1√
3ξ0
. (11)
which is different from that for the dark matter-
dominated era with γm = 1. Thus, point R2− presents
accelerated expansion for ξ0 > 2
√
3/17. In the ξ0 → 0
limit one has weff → −
√
3ξ0 → 0−, and then this
solution tends to the dark matter-dominated era with
γeff = γm = 1. From the eigenvalues of the matrix of
perturbations, we find that this point is a stable node
for ξ0 > ξ
∗
0(γDE) with 1 −
√
2 < γDE < 1. In another
case, for ξ0 < ξ
∗
0(γDE) with 1 −
√
2 < γDE < 1, or for
γDE < 1−
√
2, this point is a saddle point. Given that for
point R2+ one has γeff > 2/3, then this point presents
only a regime of decelerated expansion for all values of
ξ0. Furthermore, in this case the effective EoS param-
eter weff takes values in the range from
√
2 to +∞,
which excludes the dark matter-dominated epoch with
γeff = γm = 1. By studying the corresponding eigenval-
ues of the matrix of perturbations, we find that this point
is always an unstable node. Point R3 is a scaling solution
4Name xc yc zc Existence γeff Acceleration Stability
R1 0 0 0 Always
4
3
Never Saddle point for
all values
R2− 0 1
1−
√
6ξ02+1√
3ξ0
Always 1 +
1−
√
6ξ02+1√
3ξ0
ξ0 >
2
√
3
17
Stable node for
ξ0 > ξ
∗
0(γDE) with
1−√2 < γDE < 1
Saddle point for
ξ0 < ξ
∗
0(γDE) with
1−√2 < γDE < 1 or
for γDE < 1−
√
2
R2+ 0 1
1+
√
6ξ02+1√
3ξ0
Always 1 +
1+
√
6ξ02+1√
3ξ0
Never Unstable node for
all values
R3 1− zcγDE−1
zc
γDE−1
3ξ0
2(γDE2−2γDE−1)2
4(γDE−1) γDE − 1 < zc < 0 with
1−√2 < γDE < 1 γDE γDE < 23 Stable node for
ξ0 < ξ
∗
0(γDE) with
1−√2 < γDE < 1
Saddle point for
ξ0 > ξ
∗
0(γDE) with
1−√2 < γDE < 1
R4 1 0 0 Always γDE γDE <
2
3
Stable node for
−1 < γDE < 1−
√
2
Stable spiral for
γDE < −1
Saddle point for
1−√2 < γDE < 1
Table I. The physical critical points of the dynamical system (10) with coupling Q = 0, and their existence and stability
conditions, along with the conditions for accelerated expansion, and the corresponding values of the effective equation of state
γeff = weff − 1. In defining the phase space variables we have considered x = ΩDE and y = Ωm and z = Π/3H2, as it is
shown in Eq. (7). Also, we have defined ξ∗0(γDE) =
2(γDE−1)√
3(γDE2−2γDE−1)
.
with Ωr = 0, Ωm =
zc
γDE−1 and ΩDE = 1 − zcγDE−1 . It
exists for γDE −1 < zc < 0 with 1−
√
2 < γDE < 1. The
effective EoS parameter is γeff = γDE , and therefore it
presents accelerated expansion for γDE < 2/3. Through
the stability analysis we see that this point is a stable
node for ξ0 < ξ
∗
0(γDE) with 1 −
√
2 < γDE < 1, and a
saddle point for ξ0 > ξ
∗
0(γDE) with 1 −
√
2 < γDE < 1.
Finally, Point R4 is a dark energy-dominated solution
with ΩDE = 1 and γeff = γDE . Therefore, this point
presents accelerated expansion for γDE < 2/3. From
the stability analysis we find that it is a stable node for
−1 < γDE < 1 −
√
2 and a stable spiral for γDE < −1.
On the other hand, for 1 − √2 < γDE < 1 it is a sad-
dle point. Here, the function ξ∗0(γDE) is defined in Eq.
(A17).
2. Cosmological Evolution from Critical Points
In order to obtain a model cosmologically viable it
is necessary that it can reproduce the several differ-
ent epochs in the evolution of the Universe. In the
dark matter-dominated era the effective EoS parameter
is equal or approximately equal to the equation of state
of nonrelativistic matter wm = γm − 1 = 0. Any small
deviation from this EoS parameter can significantly af-
fect the formation of structures in the Universe. So, point
R2+ can not reproduce the dark matter-dominated epoch
since in this case the effective EoS is very different from
γm = 1. However, point R2− could approximately re-
produce a dark matter-dominated era provided that the
viscous coefficient ξ0 is sufficiently small. In this way, a
viable cosmological evolution from these critical points
could be either the transition R1 → R2− → R4, or, the
transition R1 → R2− → R3, provided that ξ0  1. In
the first case, the Universe tends asymptotically to the
accelerated dark-energy-dominated solution R4, which
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FIG. 1. Evolution of various observables as a function of the
redshift (z = a0
a
− 1 and for implicitly we set a0 = 1) for
the dynamical system (10) with the values ξ0 = 0.001 and
γDE = −0.5, in units where 8piG = 1. In the upper graph we
depict the evolution of the various density parameters, namely
ΩDE (solid line), Ωm (dashed line), and Ωr (dotted line). In
the lower graph we present the evolution of the effective EoS
parameter. The Universe is attracted by the dark energy domi-
nated solution R4. For the numerical values we have imposed
ΩDE0 ≈ 0.72 and Ωm0 ≈ 0.28 at present (z = 0). Then
the effective EoS parameter takes the value weff ≈ −1.08 at
present, in agreement with observations.
presents a phantom nature given that one has in this
case −1 < γDE < 1 −
√
2. For instance, in FIG 1 we
present the cosmic evolution from the dynamical system
(10) for the values ξ0 = 0.001 and γDE = −0.5. The
attractor is point R4 and we have imposed the condi-
tions ΩDE0 ≈ 0.72 and Ωm0 ≈ 0.28 at present time
(z = 0). Then the effective EoS parameter takes the
value weff = −1.08 at z = 0, which shows a phantom-
divide crossing during the cosmological evolution. In
the second case, the Universe tends asymptotically to
the scaling solution R3 with 0 < ΩDE < 1, which is
also an accelerated solution for γDE < 2/3. This so-
lution includes the cases of a cosmological constant-like
0
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FIG. 2. Evolution of various observables as a function of
the redshift (z = a0
a
− 1 and for implicitly we set a0 = 1)
for the dynamical system (10) with the values ξ0 = 0.44 and
γDE = 0.12, in units where 8piG = 1. In the upper graph we
depict the evolution of the various density parameters, namely
ΩDE (solid line), Ωm (dashed line), and Ωr (dotted line). In
the lower graph we present the evolution of the effective EoS
parameter. The Universe is attracted by the scaling solution
R3. For the numerical values we have imposed ΩDE0 ≈ 0.72
and Ωm0 ≈ 0.28 at present (z = 0). Then the effective EoS
parameter takes the value weff ≈ −0.88 at present, in agree-
ment with observations. However, the dark-matter-dominated
era happens too soon.
(γDE = 0) and quintessence-like (0 < γDE < 1) solu-
tions, with ΩDE ≈ 1 and ξ0 . 0.01 < ξ∗0(γDE). More-
over, the most interesting on this solution is that it can
provide a way to alleviate the cosmological coincidence
problem [5, 32, 36]. However, in alleviating the cos-
mic coincidence problem via this scaling solution, it is
necessary to assume large values of the viscosity coef-
ficient ξ0 which affects the dark matter-dominated era
and therefore the structures formation in the Universe.
To see this more clearly from some numerical results, let
us introduce the constant 0 < C <
√
4/3, such that
xc = 1 − 3C2/4, yc = 3C2/4 and zc = 3C2(γDE − 1)/4.
6In this way, we have that C, γDE and ξ0 must satisfy
the relation ξ0 = C(γDE − 1)/(γ2DE − 2γDE − 1). For
example, for C ≈ 0.61 ( xc ≈ 0.72 and yc ≈ 0.28) and
γDE < 0.2, the viscous coefficient must satisfy the con-
straint ξ0 > 0.36, which is disagree with the physical
requirement ξ0  1. In FIG 2 we shows the better re-
sult for the attractor R3 such that in the present time
the energy fractions are ΩDE ≈ 0.72 and Ωm ≈ 0.28.
In this case, although the effective EoS parameter tends
to the value weff = γeff − 1 ≈ −0.88, well within the
required range in accordance to observational data, the
dark-matter-dominated era happens too soon. As we
will see below, the introduction of an explicit coupling
between dark energy and viscous dark matter allows to
obtain another scaling solution which provides a viable
cosmological evolution and at the same time alleviating
the cosmological coincidence problem.
B. Coupling Q = 3αHρDE
1. Critical points and Stability
In the case of a nonzero coupling in the form Q =
3αHρDE , we have the following autonomous system
dx
dN
= x (3xγDE − 3γDE + 3z − y − 4x+ 4− 3α) ,
dy
dN
= 3xyγDE + 3 (y − 1) z − y2 + (1− 4x) y + 3αx,
dz
dN
= 3z (xγDE + z)− z
(
3z
2y
+
√
3y
ξ0
)
+
(1− 4x) z − y (z + 3) + 3αxz
2y
. (12)
All the critical points of the dynamical system (12), along
with the existence, accelerated and stability conditions,
are displayed in Table II. Also, the analysis of the matrix
perturbations, and its eigenvalues for each critical point,
are found in Appendix A 2.
For x = 0 we obtain the same critical points as for the
case Q = 0. However, the stability conditions for them
are altered due to the presence of a nonzero coupling
parameter α. Point S1 is a radiation-dominated solution
with Ωr = 1, Ωm = 0, ΩDE = 0 and effective EoS param-
eter γeff = γr = 4/3. This critical point is a saddle point
for all the values. Points S2± are dark matter-dominated
solutions with Ωr = 0, Ωm = 1 and ΩDE = 0. However,
for these points one find that the effective EoS parameter
depends on the viscosity coefficient ξ0, and therefore they
are different from the pressureless matter with γm = 1.
Point S2+ is always an unstable node, whereas point S2−
is a saddle point and also a stable node. On the other
hand, from Eqs. (12) and for x 6= 0 we find the following
family of critical points
xc = 1− zc − α
γDE − 1 , yc =
zc − α
γDE − 1 , (13)
0
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FIG. 3. Evolution of various observables as a function of the
redshift (z = a0
a
− 1 and for implicitly we set a0 = 1) for the
dynamical system (12) with the values ξ0 = 0.01, γDE = −0.4,
C = 0.61 and α = 0.38 in units where 8piG = 1. In the upper
graph we depict the evolution of the various density param-
eters, namely ΩDE (solid line), Ωm (dashed line), and Ωr
(dotted line). In the lower graph we present the evolution of
the effective EoS parameter. The Universe is attracted by the
scaling solution S3. For the numerical values we have im-
posed ΩDE0 ≈ 0.72 and Ωm0 ≈ 0.28 at present (z = 0). Then
the effective EoS parameter takes the value weff ≈ −1.02 at
present, in agreement with observations.
and zc satisfying the relation√
zc − α
3 (γDE − 1) =
ξ0
2
[
γDE + α− 1− 2 (zc − α)
zc (γDE − 1)
]
,
(14)
along with the physical constraint γDE + α− 1 < zc < α
for γDE < 1. This system of equations is more compli-
cated than for the caseQ = 0 and it does not easy to solve
for zc from Eq. (14). Nevertheless, we are interested in
the scaling solution with xc = 1−3C2/4, yc = 3C2/4 and
zc = 3C
2 (γDE − 1) /4+α, such that 0 < C <
√
4/3. For
this scaling solution we find that the effective EoS param-
eter is given by γeff = γDE+α, and therefore it presents
7Name xc yc zc Existence γeff Acceleration Stability
S1 0 0 0 Always
4
3
Never Saddle point for
all values
S2− 0 1
1−
√
6ξ02+1√
3ξ0
Always 1 +
1−
√
6ξ02+1√
3ξ0
ξ0 >
2
√
3
17
Stable node for
ξ0 > ξ
∗
0(γDE , α) with
−√2 + 1 < γDE + α < 1
and 1−√2 < α < 1 +√2, or
for all values of ξ0 and
1− α < γDE < 1
Saddle point for
ξ0 < ξ
∗
0(γDE) with
−√2 + 1 < γDE + α < 1
and 1−√2 < α < 1 +√2 or
for all values of ξ0 with
γDE < −α−
√
2 + 1
and 1−√2 < α < 1 +√2 or
for all values of ξ0 with
γDE < 1 and α < 1−
√
2
S2+ 0 1
1+
√
6ξ02+1√
3ξ0
Always 1 +
1+
√
6ξ02+1√
3ξ0
Never Unstable node for
γDE < 1− α or
for 1 < γDE + α < 1 +
√
2
with 0 < α <
√
2 + 1
S3 1− 3C24 3C
2
4
3C2(γDE−1)
4
+ α 0 < C <
√
4/3
with γDE < 1 γDE + α γDE <
2
3
− α Stable for
E < 0 and F > 0 with
γDE < 4/3− α
Unstable for
E > 0 or F < 0 or
γDE > 4/3− α
Table II. The physical critical points of the dynamical system (12) with coupling Q = 3αHρDE , and their existence and
stability conditions, along with the conditions for accelerated expansion, and the corresponding values of the effective barotropic
parameter γeff = weff − 1. In defining the phase space variables we have considered x = ΩDE and y = Ωm and z = Π/3H2,
as it is shown in Eq. (7). For point S− we have defined ξ∗0(γDE , α) =
2(γDE+α−1)√
3(γDE2+2αγDE−2γDE+α2−2α−1)
. On the other hand,
for point S3 we have defined E = 3C2 [ξ0 (2γDE + 3α− 2)− C] − 4ξ0α and F = 3CγDE [2ξ0 (γDE + α− 2)− 3C] + 9C2 −
6ξ0 (α+ 1)C − 4α, with the parameters, ξ0, C, γDE and α, satisfying the relation (15).
accelerated expansion for γDE < 2/3 − α. On the other
hand, from (14) we obtain that the parameters ξ0, γDE ,
α and C, must satisfy the relation
α =
3C2
[
C (γeff − 1)− ξ0
(
γeff
2 − 2γeff − 1
)]
[C + ξ0 (1− γeff )] (3C2 − 4) , (15)
where γeff = γDE + α. So, given the values of γeff , ξ0
and C, we can obtain from Eq. (15) the required values
of α and γDE , such that the solution is a fixed point of
the autonomous system (12). From the corresponding
stability analysis we find that this critical point can be
an attractor in the required ranges for the parameters
(see Appendix A 2).
2. Cosmological Evolution from Critical points
Since the critical point S2− can approximately repro-
duce a dark matter-dominated era provided that the vis-
cous coefficient ξ0 is sufficiently small, then a viable cos-
mological evolution from the above critical points is de-
termined by the transition S1 → S2− → S3. In this
case the final attractor is the scaling solution S3, which
presents accelerated expansion and also can alleviate the
cosmological coincidence problem. This solution S3 gen-
eralizes the scaling solution R3 for the case of a nonzero
coupling α between dark energy and viscous dark mat-
ter. This coupling allows to obtain from point S3 a vi-
able cosmological evolution, without spoiling the large-
8scale structures formation of the Universe, and at the
same time alleviating the cosmological coincidence prob-
lem. Furthermore, in this case a phantom nature of dark
energy is favored. For example, for C = 0.61 (xc ≈ 0.72,
yc ≈ 0.28), ξ0 = 0.01, and an effective EoS parameter
weff in the physical range (−1.38,−0.89), in accordance
with the latest Planck results [3], we obtain that the con-
stant coupling α must be in the range (0.33, 0.52) and the
dark energy EoS parameter ωDE must be in the phantom
range (−1.9,−1.22). In FIG 3 we show the cosmological
evolution when the final attractor is point S3, and fix the
energy fractions to be ΩDE ≈ 0.72 and Ωm ≈ 0.28 in the
present time z = 0. The thermal history of the Universe
is successfully reproduced, and the effective EoS parame-
ter tends to value weff ≈ −1.02 well within the requested
range by observations.
III. CONCLUDING REMARKS
From the viewpoint of the fluid description, and the
current cosmological observational data, there is not rea-
son for excluding a more general setting where the energy
components of the Universe are treated as imperfect flu-
ids due to the presence of a bulk viscosity in them. This
bulk viscosity is introduced in the energy conservation
equation through an additional term Π, which represents
the viscous pressure of the fluid. The nature of this vis-
cous pressure Π is determined by the class of formalism
or approach adopted in the description of the viscous
fluid. There are two classes of formalisms which are gen-
erally used in the description of viscous fluids in Cosmol-
ogy. The first one is the noncausal Eckart formalism [11],
which has been applied by many authors in the study of
viscous cosmologies in a flat FRW Universe, in both the
background [12–15], as well as in the perturbation level
[16–19]. The second one is the causal Israel-Stewart (IS)
formalism [20], in which is introduced a transport equa-
tion for the viscous pressure, allowing a noninstantaneous
propagation of the interactions, and in this way eliminat-
ing the drawbacks related to causality and stability of the
Eckart formalism [21, 22].
In the present paper we have performed a detailed dy-
namical analysis for viscous cosmologies in the frame-
work of the causal IS formalism. In particular, we deepen
the study of “Scaling Solutions”. Dynamical systems in
Cosmology have a very important role in the study of
the cosmological viability of a given model in the back-
ground level [31]. Moreover, scaling solutions are attrac-
tors which provide a new line of attack on the fine-tuning
problem, or cosmological coincidence problem of dark en-
ergy [5, 6]. In our study we have considered the total cos-
mic fluid constituted by radiation, dark matter and dark
energy. The dark matter fluid is treated as an imperfect
fluid which has a bulk viscosity that depends on its en-
ergy density in the usual form ξ(ρm) = ξ0ρ
1/2
m , whereas
the other components are assumed to behave as perfect
fluids with constant EoS parameter. Here, we also have
considered the possibility of an explicit coupling Q be-
tween dark energy and viscous dark matter. Following
the literature, this coupling is assumed to be proportional
to the dark energy density ρDE , and the proportional-
ity coefficient being normalized by the Hubble expansion
rate H, in the form Q = 3αHρDE with α the coupling
constant [6].
We have shown that the thermal history of the Uni-
verse is reproduced provided that the viscous coefficient
satisfies the condition ξ0  1, either for a zero or a suit-
able nonzero coupling. In this case, the final attractor is
a dark-energy-dominated, accelerating Universe, with ef-
fective EoS parameter in the quintessence-like, cosmolog-
ical constant-like or phantom-like regime, in agreement
with observations. As our main result, we have shown
that in order to obtain a viable cosmological evolution
and at the same time alleviating the cosmological coin-
cidence problem via the mechanism of scaling solution,
an explicit interaction between dark energy and viscous
dark matter seems inevitable. This result is consistent
with the well-known fact that models where dark matter
and dark energy interact with each other have been pro-
posed to solve the coincidence problem [32, 36]. However,
it is important note that several other relevant efforts
have been performed in showing that a combination of
a dark matter fluid with a bulk dissipative pressure and
a quintessence field can simultaneously drive an acceler-
ated expansion phase and solve the cosmological coinci-
dence problem without the need for an explicit coupling
between dark energy and viscous dark matter [37–40].
In the case of a zero coupling (Q = 0) between dark
energy and viscous dark matter, the scaling attractor is
the critical point R3 in Table I. For xc = ΩDE ≈ 0.72,
yc = Ωm ≈ 0.28 and γDE < 0.2, the viscous coeffi-
cient must satisfy the constraint ξ0 > 0.36, which is dis-
agree with the physical requirement ξ0  1. On the
other hand, by considering a nonzero coupling in the
form Q = 3αHρDE , we find that the scaling attractor
is the critical point S3 in Table II, which allows a viable
cosmological evolution and at the same time alleviating
the cosmological coincidence problem. For example, from
this scaling solution and Eq. (15), for xc = ΩDE ≈ 0.72,
yc = Ωm ≈ 0.28, ξ0 = 0.01, and an effective EoS param-
eter weff in the physical range (−1.38,−0.89), in accor-
dance with the latest Planck results [3], we obtain that
the constant coupling α lies in the tight range (0.33, 0.52),
whereas the dark energy EoS parameter wDE must be in
the phantom range (−1.9,−1.22). Thus, in the case of
a nonzero coupling between dark energy and dark mat-
ter, weff and wDE take different values due to this cou-
pling. In our model, weff must be in accordance with
observational data, whereas wDE should be determined
from the values for weff by using Eq. (15) and the rela-
tion weff = wDE + α. In FIG 3, we have presented the
behavior of the cosmological parameters when the final
attractor is the scaling solution S3, for specific values of
the free parameters in the requested ranges.
Here it is worth noting that the critical points
9{R1, R2±, R3, R4} displayed in Table I, constitute a
causal extension of the corresponding critical points
{P1, P2, P3, P4} obtained in the context of the noncausal
Eckart formalism and displayed in Table I of Ref. [13].
In the limit of a very small relaxation time τ , or equiva-
lently for ξ0 → 0, we recover the matter solution P2 from
critical point R2−. The numerical difference between the
values of these two matter solutions is determined by the
values of ξ0, and it should be constrained from observa-
tional data. As expected, for late-times the difference be-
tween these set of fixed points is even more pronounced.
From the scaling attractor R3 does not possible to obtain
the scaling attractor P3 only by taking the ξ0 → 0 limit,
since in this case R3 depends also on the dark energy
EoS parameter. A similar situation occurs for the dark
energy-dominated solution R4, which is an attractor in a
more wide range of parameters, whereas the correspond-
ing point P4 is an attractor only for ξ0 = 0. Moreover, we
can also mention that the critical points {S1, S2±, S3} in
Table II generalize the above critical points for the case
of a suitable nonzero coupling between dark energy and
viscous dark matter.
Finally, we mention that in studying the dynamics of
any model we are interest in the cosmological properties
and stability conditions of late-time asymptotic solutions.
This study is important because it provides us an initial
test for the viability of a given model in reproducing the
thermal history of the Universe. However, in order to
decide whether a theory is or not a candidate for the de-
scription of Nature, many relevant investigations are nec-
essary. Apart from the correct late-time, asymptotic, be-
haviour, it must be able to describe the correct universe
evolution at early and intermediate times too. In par-
ticular, one should perform a detailed comparison with
observational data, as for instance SNIa, BAO, CMB,
and large-scale structure (LSS) [5].
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Appendix A: Stability Analysis
1. Case Q = 0
In order to examine the stability of the critical points,
we perform linear perturbations around them as xi =
x∗i + δxi and thus we extract the perturbation equations
as U′ = M · U, where U is the column vector of the
perturbations δxi andM is the 3×3 matrix that contains
the coefficients of the perturbation equations. For the
autonomous system (10) the nonzero components of the
matrix of perturbations are
M11 = 3 (2x− 1) γDE + 3z − y − 8x+ 4, (A1)
M12 = −x, (A2)
M13 = 3x, (A3)
M21 = y (3γDE − 4) , (A4)
M22 = 3xγDE + 3z − 2y − 4x+ 1, (A5)
M23 = 3 (y − 1) , (A6)
M31 = z (3γDE − 4) , (A7)
M32 =
√
3z
(√
3ξ0z − y 32
)
2ξ0y2
− z − 3, (A8)
M33 = x (3γDE − 4)−
√
3
(√
3ξ0z + y
3
2
)
ξ0y
+
6z − y + 1. (A9)
Concerning critical point R1, the corresponding eigen-
values are given by
µ1 =
1−√35
2
, (A10)
µ2 =
√
35 + 1
2
, (A11)
µ3 = 4− 3γDE . (A12)
(A13)
Critical point R1 is a saddle point.
For the critical points R2− and R2+ the eigenvalues
are
µ1 = 3 (1− γDE) +
√
3
(
1±
√
6ξ0
2 + 1
)
ξ0
, (A14)
µ2 = −1 +
√
3
(
1±
√
6ξ0
2 + 1
)
ξ0
, (A15)
µ3 = ±
√
3
√
6ξ0
2 + 1
ξ0
. (A16)
Critical point R2− is a stable node for ξ0 > ξ∗0(γDE) with
1−√2 < γDE < 1. It is a saddle point for ξ0 < ξ∗0(γDE)
with 1 −√2 < γDE < 1, or for γDE < 1 −
√
2. Here we
have defined the function
ξ∗0(γDE) =
2 (γDE − 1)√
3 (γDE2 − 2γDE − 1)
, (A17)
with 1 − √2 < γDE < 1. On the other hand, critical
point R2+ is an unstable node for all values.
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Critical point R3 has eigenvalues given by
µ1 =
3 (γDE − 1)
(
2
(γDE−1)2 + 1
)
4
×[
1−
√√√√1− A (γDE2 − 2γDE − 1)
(γDE − 1)4
(
2
(γDE−1)2 + 1
)2
]
, (A18)
µ2 =
3 (γDE − 1)
(
2
(γDE−1)2 + 1
)
4
×[
1 +
√√√√1− A (γDE2 − 2γDE − 1)
(γDE − 1)4
(
2
(γDE−1)2 + 1
)2
]
, (A19)
µ3 = 3γDE − 4, (A20)
where we have defined the quantity
A = γ2DE
[
3ξ20γDE (γDE − 4) + 2
(
3ξ0
2 − 2)]+
4
(
3ξ0
2 + 2
)
γDE + 3ξ0
2 − 4. (A21)
In the range of definition this critical point is a stable
node for ξ0 < ξ
∗
0(γDE) and 1−
√
2 < γDE < 1. Also, it is
a saddle point for ξ0 > ξ
∗
0(γDE) and 1−
√
2 < γDE < 1.
Finally, for critical point R4 we find the eigenvalues
µ1 =
3 (γDE − 1)
2
×
[
1 +√
1− 2(γDE
2 − 2γDE − 1)
(γDE − 1)2
]
, (A22)
µ2 =
3 (γDE − 1)
(
1−
√
1− 2 (γDE2−2γDE−1)
(γDE−1)2
)
2
,(A23)
µ3 = 3γDE − 4. (A24)
This critical point is a stable node for −1 < γDE <
1−√2. For γDE < −1 it is a stable spiral. Saddle point
for 1−√2 < γDE < 1.
2. Case Q = 3αHρDE, |α| ≤ 1
Perturbing to linear order around each critical point
the dynamical system (12), we obtain the matrix of per-
turbations with the following nonzero components
M11 = 3 (2x− 1) γDE + 3z − y − 8x+ 4− 3α,(A25)
M12 = −x, (A26)
M13 = 3x, (A27)
M21 = y (3γDE − 4) + 3α, (A28)
M22 = 3xγDE + 3z − 2y − 4x+ 1, (A29)
M23 = 3 (y − 1) , (A30)
M31 = z (3γDE − 4) + 3αz
2y
, (A31)
M32 =
√
3z
(√
3ξ0z − y 32
)
2ξ0y2
− z − 3− 3αxz
2y2
, (A32)
M33 = x (3γDE − 4)−
√
3
(√
3ξ0z + y
3
2
)
ξ0y
+
6z − y + 1 + 3αx
2y
. (A33)
For critical point S1 we find the eigenvalues
µ1 =
1−√35
2
, (A34)
µ2 =
√
35 + 1
2
, (A35)
µ3 = 4− 3 (γDE + α) . (A36)
Then this critical point is a saddle point for all values.
For the critical points S2− and S2+ the eigenvalues are
µ1 = 3 (1− γDE − α) +
√
3
(
1±
√
6ξ0
2 + 1
)
ξ0
,(A37)
µ2 = −1 +
√
3
(
1±
√
6ξ0
2 + 1
)
ξ0
, (A38)
µ3 = ±
√
3
√
6ξ0
2 + 1
ξ0
. (A39)
From these eigenvalues we find that point S2+ is an un-
stable node for γDE < 1 +
√
2 − α. Also, it is seen
that S2+ is a stable node for ξ0 > ξ
∗
0(γDE , α) with
1 − √2 − α < γDE < 1 − α and 1 −
√
2 < α < 1 +
√
2
or for all values of ξ0 and 1 − α < γDE < 1. This
point is also a saddle point for ξ0 < ξ
∗
0(γDE) with
−√2 + 1− α < γDE < 1− α and 1−
√
2 < α < 1 +
√
2
or for all values of ξ0 with γDE < −α −
√
2 + 1 and
1−√2 < α < 1 +√2 or for all values of ξ0 with γDE < 1
and α < 1−√2. Here, the function ξ∗0(γDE , α) is defined
by
ξ∗0(γDE , α) =
2 (γDE + α− 1)√
3 (γDE2 + 2αγDE − 2γDE + α2 − 2α− 1)
.
(A40)
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Finally, for the critical point S3 we find the eigenvalues
µ1 =
E −
√
E2 + 9ξ0C3
(
C2 − 43
)F
4ξ0C2
, (A41)
µ2 =
E +
√
E2 + 9ξ0C3
(
C2 − 43
)F
4ξ0C2
, (A42)
µ3 = 3γDE + 3α− 4, (A43)
where we have defined
E = 3C2 [ξ0 (2γDE + 3α− 2)− C]− 4ξ0α, (A44)
F = 3CγDE [2ξ0 (γDE + α− 2)− 3C] +
9C2 − 6ξ0 (α+ 1)C − 4α, (A45)
and ξ0, γDE , α and C satisfy the relation (15). Also, the
determinant of the matrix of perturbations evaluated for
this point is equal to
det(M) = −3
(
3C2 − 4) (3γDE + 3α− 4)F
16ξ0C
. (A46)
Since we have C2 < 4/3, this critical point is stable for
E < 0 and F > 0, with the condition γDE < 4/3− α. It
is unstable for E > 0 or F < 0 or γDE > 4/3 − α. For
example, for C = 0.61, γDE = −0.4, ξ0 = 0.01 and α in
the range (0.33, 0.39), we obtain that S3 is a stable node,
with µ1 < 0, µ2 < 0 and µ3 < 0.
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